. , 2
Morcover, since |y — jrpq1|” = 3 + Tx@pq1 + 24, we conclude that

n

121> = (@F + wrwrir + 23 10)
k=1

Therefore, the Cauchy-Schwarz inequality | (1, Z)|> < [[1]|2 || Z]|? is equivalent to the
lower inequality.
The upper inequality is easier, since (X,Y) < || X|| ||Vl = | X|?, so

n

Y@k F o +aig) = 1X)P + (Y) + Y] < 31X
k=1

and the is equivalent to the upper inequality.

Remark. We only need the fact that the x’s are real. The positivity assumption
is unnecessary.

Solution 2 by Arkady Alt, San Jose, California, USA. For cyclic sum

2 2
N T+ TpTh +TE ) . & wt i + a3
we will use more compact notation ), —————=.
k=1 cyclic 3 cyc 3

2 2 2
Noting that (a:T-Fy> < % — 0 < (z—y)? (for any real z,y) we

1 & 22 4+ 720 + 23 - n (:rl + 2

obtain — > > =3 5

N cye 3 N cyc

2 n 2
o1l o Sx 2 12 (21 + 2o S Tk
Mean Inequality — (—) > | - _— = k=10
Y n czyzc 2 n Czyc 2 n

r1+ X9 X2+ 3 Ty + 21
5 s 5 s s 5

2 2 2
n n 1 n
Weobtamz(M_@)nz E(M).l — —Z(M> >
cyc 2 cyc 2 n cyc 2

2 2
17 g+ n 2 2 2., 2
_ZM :<M> Since LYY §L+y — 0
nege 2 n 3 2

122t s + 23 1 & 2?4 23
(z —y)? (for any real z,y) we obtain —Z;m < = L2

N cye 3 Moy 2
Yiia
k=1"k

n

2
) . By Quadratic Mean-Arithmetic

(Or, applying Cauchy Inequality to ( > and (1,1,...,1

IN

2 2
Solution 3 by Michel Bataille, Rouen, France. Since zpzg1 < L;’““, we

have Li + TrTro1 + :L%_H < %(1% + LL‘%_H). It follows that

n n

1 T3+ TpTp +Th, 1 1 1 —
L e <L Y Setreta) =g >oa
k=1

n n
k=1 cyclic k=1 cyclic



